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RICCI TENSOR IN GRADED GEOMETRY
FRIDRICH VALACH
Abstract. We define the notion of the Ricci tensor for NQ symplectic mani-
folds of degree 2 and show that it corresponds to the standard generalized Ricci
tensor on Courant algebroids. We use an appropriate notion of connections
compatible with the generalized metric on the graded manifold.
1. Introduction
It has been know for some time that Courant algebroids [11] provide a natural
framework for the study of several aspects of string theory. First, the string sigma
models can be seen [15] as particular cases of the Courant sigma models [8, 13]
on manifolds with boundary. Furthermore, the low-energy dynamics of string the-
ory can be described via a suitable generalization of the Ricci tensor and scalar
curvature, defined for Courant algebroids [6, 2, 5, 4, 9, 17].
While for some purposes it is enough to consider only a special class of the so-
called exact Courant algebroids [14], for the study of dualities (such as the Poisson-
Lie T-duality [10]), it is neccessary to understand the constructions in the general
setup [14]. Such generalized Ricci tensor was introduced and studied in [4, 9, 17].
In particular, its properties were used to provide a proof of the compatibility of the
Poisson-Lie T-duality with the RG flow and with the string background equations,
as well as to find new solutions to generalized supergravity equations.
On the other hand, it is known [14, 12] that graded geometry offers a much
more conceptual viewpoint of Courant algebroids, simplifying the formulas and
providing various new insights. It is therefore desirable to also find a formulation
of the curvature tensors in the graded language.
Motivated by the recent work [1], where the graded analogues of connections,
curvature and torsion were introduced and studied, we propose a simple definition
of the generalized Ricci tensor in the graded setup. The purpose of this is twofold
– it provides a more conceptual viewpoint of the generalized Ricci tensor and at
the same time opens a very concrete door towards generalizations, for example in
the context of U-duality, following [3]. This will be explored in a future work.
This note is structured as follows. We start by reviewing the notion of general-
ized metric, from the perspective of graded geometry. We then recall the neccessary
definitions from [1], introduce the notion of Levi-Civita connections and present the
Ricci tensor. Finally, we explore the relation to the more standard Courant alge-
broid connections [6] and discuss the exact case, where this Ricci tensor produces
the usual one from Riemannian geometry.
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2. Generalized metric
In what follows, we shall use E to denote an NQ symplectic manifold of degree 2
[16]. This means that E is an N-graded manifold1, equipped with a symplectic form
of degree 2, and a degree 1 symplectic vector field QE, satisfying Q2E = 0. There is
an associated sequence of fibrations
E = E2 → E1 → E0,
which corresponds to the subsheafs generated by coordinates of degrees up to 2, up
to 1, and up to 0, respectively. In particular, the last arrow gives a vector bundle.
A generalized metric is, in the graded language, a symplectic involution ι on E,
which preserves the basis E0, i.e. it is a diffeomorphism of E satisfying
ι2 = idE, ι∗ω = ω, ι|E0 = idE0 .
Given a generalized metric, it is always possible to locally choose the coordinates
xi, ea, ea˙, pi on E of degrees 0, 1, 1, 2, respectively, such that
ω = dpidxi + deadea + dea˙dea˙,
ι∗xi = xi, ι∗pi = pi, ι
∗ea = ea, ι∗ea˙ = −ea˙,
where ea := gabeb, ea˙ := ga˙b˙e
b˙ for some constants gab, ga˙b˙. We will sometimes
denote the coordinates ea, ea˙ collectively as eα.2
It is easy to see that QE is always Hamiltonian, i.e. it comes from a degree 3
function H . The most general such function has the form
H = ρiα(x)pie
α − 1
6
cαβγ(x)eαeβeγ ,
giving
QE = ρiαe
α∂xi + (ρ
i
αpi −
1
2
cαβγe
βeγ)∂eα + (
1
6
cαβγ,ie
αeβeγ − ρjα,ie
αpj)∂pi ,
where, in setting eα := gαβeβ, we extended gab, ga˙b˙ to gαβ by adding gab˙ = ga˙b = 0.
The condition Q2
E
= 0 translates to the classical master equation {H,H} = 0.
Since ι preserves the degree, it induces an involution on E1. Because of the base-
fixing condition, ι is in turn fully determined by the corresponding fixed point set
V1 ⊂ E1. Seeing V1 as a vector bundle over E0, we can pull it back along E → E0
to obtain a bundle V→ E. The latter bundle is locally described by coordinates xi,
ea, ξa, ea˙, pi, with one copy of ξa, deg ξa = 1, corresponding to each ea. Finally,
notice that E1, V1, and V are all symplectic vector bundles.
Remark. The relation to Courant algebroids is as follows [12, 14]. The Courant
algebroid is given by the ordinary vector bundle E = E1[−1] over E0. (In other
words, xi are coordinates on the base and eα correspond to the linear coordinates
on the fibers of the algebroid.) The coefficients c and ρ give the structure functions
of the bracket and the anchor, respectively, while g encodes the fiberwise inner
product. Finally, the involution ι corresponds to the usual viewpoint of generalized
metric as a fiberwise reflection on the Courant algebroid, or equivalently, as a
subbundle V+ = V1[−1] ⊂ E. ⊳
1i.e. an ordinary manifold E0 together with a sheaf of N-graded commutative algebras, locally
of the form C∞(U) ⊗ S(V ), with S(V ) the free graded commutative algebra generated by a
finite-dimensional vector space V =
⊕m
i=1
Vm, and U an open subset of E0
2The proof goes as follows: Using the (graded) Darboux theorem we first find coordinates xi,
eα, pi such that ω = dpidxi + gαβdeαdeβ , for gαβ a diagonal matrix with only 1 and −1 on the
diagonal. It follows that the (x-dependent) matrix Rα
β
defined by ι∗eα = Rα
β
(x)eβ is idempotent
and orthogonal w.r.t. g, and thus can be made into the form diag(1, . . . , 1,−1, . . . ,−1) using
e′α = Oα
β
(x)eβ , for O orthogonal. Making an appropriate shift of pi, the form of ω is preserved
in the new coordinates.
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3. Tautological section and contraction
Let us now denote the vector bundle morphism V→ V1 by ϕ. There is a unique
section τ ′ : E → V such that ϕ ◦ τ ′ coincides with the map E → E1 → V1 (the last
arrow is the orthogonal projection). Since the bundle V is symplectic, we get an
induced section τ on the dual bundle V∗ → E. We call τ the tautological section
[1]. More concretely, identifying sections of V∗ with functions on V which are linear
in the fiber coordinates, we get
τ = eaξa.
The involution on C∞(V) (induced by ι) allows us to split any vector field on V
into the sum of its self-dual and anti-self-dual part. We will denote the anti-self-
dual part of a vector field D by πD. Let us now consider a special subspace End2 of
the space of vector fields, given by degree 2 bundle endomorphisms of V∗. Locally
we have
D = Da ib (x)piξ
b∂ξa + 12D
a
bαβ(x)e
αeβξb∂ξa
pi
7−→ Da
bcd˙
(x)eced˙ξb∂ξa .
Writing V⊥1 ⊂ E1 for the subbundle (over E0) perpendicular to V1 ⊂ E1, we have
an identification (we use Γ for the space of sections)
π(End2) ∼= Γ(V∗1 ⊗ V
⊥∗
1 ⊗ End(V
∗
1)) ∼= Γ(V
∗
1 ⊗ V
⊥∗
1 ⊗ V1 ⊗ V
∗
1).
We define the contraction map C : End2 → Γ(V⊥∗1 ⊗V
∗
1) as the projection π followed
by the contraction of the first and third factor in the last expression. Explicitly,
C : D 7→ ∂ea(πD)ξa.
4. Connections, torsion and curvature
Following [1], a connection on a V∗ → E is a degree 1 vector field Q on V, which
projects to QE, and which preserves the space of sections Γ(V∗) ⊂ C∞(V). The
torsion is then a particular section of V∗, defined as Qτ . The curvature of Q is the
vector field Q2 ≡ 1
2
[Q,Q] on V. One easily sees that Q2 ∈ End2.
We will say that a connection Q on V is Levi-Civita if its torsion is invariant
under the induced involution on Γ(V∗). Finally, we define the Ricci tensor Ric by
Ric := CQ2 ∈ Γ(V⊥∗1 ⊗ V
∗
1).
Remark. The contraction corresponds to the usual procedure for obtaining the
Ricci tensor from the Riemann tensor. The insertion of the projection π keeps only
the part of the tensor which can be identified, via Γ(V⊥∗1 ⊗ V
∗
1) ∼= HomE0 (V1,V
⊥
1 ),
with an infinitesimal deformation of the generalized metric.3 This is the generalized
Ricci flow [18, 4]. ⊳
Passing again to a coordinate description, a general connection on V∗ has the
form
Q = QE + ψabα(x)e
αξb∂ξa .
Its torsion is
Qτ = ρiαpiξ
α − 1
2
caβγe
βeγξa − ψabαe
αξbea.
Since the involution preserves the coordinates ξa, the invariance of torsion is equiv-
alent to the constraint
(1) ψaba˙ = c
a
ba˙.
In particular, the coefficients ψabc are left unrestricted. However, as we will see, in
the Levi-Civita case the curvature only depends on ψabc through the trace
λb := ψaba.
3It also allows us to define the contraction.
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Concretely, a short calculation (see Appendix) reveals that for a Levi-Civita
connection Q,
(2) Ric = (ccba˙λc − ρ
i
ac
a
ba˙,i + ρ
i
a˙λb,i + cc˙aa˙c
a c˙
b )ξ
bea˙.
This recovers exactly the formula for the generalized Ricci tensor from [17].
Remark. More precisely, using the notation of [17] we have
Ric = GRicV+,div(ec, ea˙)ξ
cea˙,
where the divergence operator is given by div(ea) = −λa. ⊳
5. Connection with Courant algebroid connections
From the definition it follows that connections are in one-to-one correspondence
with linear maps4 Qˆ : Γ1(V∗) → Γ2(V∗), satisfying Qˆ(fu) = f(Qˆu) + (QEf)u, for
f ∈ C∞0 (E), u ∈ Γ1(V
∗). Since
C∞0 (E) ∼= C
∞(E0), C
∞
1 (E) ∼= Γ(E
∗), Γ1(V
∗) ∼= Γ(V ∗+), Γ2(V
∗) ∼= Γ(E∗ ⊗ V ∗+).
we can understand Qˆ as a map
∇ : Γ(V ∗+)→ Γ(E
∗ ⊗ V ∗+), such that ∇(fu) = f∇u+ (QEf)⊗ u.
Dually, we have a map ∇ : Γ(V+) → Γ(E∗ ⊗ V+) (satisfying the same Leibniz
identity). This is known in the literature as the Courant algebroid (or generalized)
connection [6].
If Q is Levi-Civita, then it is uniquely determined (c.f. (1)) by the restriction of
∇ to a map Γ(V+)→ Γ(V ∗+ ⊗ V+).
6. The exact case
Let us now consider the following example [14, 15].5 First,
E = T ∗[2]T [1]E0, H = d+ η, for η ∈ Ω3closed(E0),
with the standard symplectic form on the cotangent bundle. Here d is understood
as a vector field on T [1]E0 (thus a function on T ∗[2]T [1]E0), and η ∈ Ω(M) ∼=
C∞(T [1]M) is pulled back to T ∗[2]T [1]E0. (Such E is called exact.) We fix the
generalized metric by the requirement that the submanifold V1 ⊂ E1 ∼= (T ⊕
T ∗)[1]E0 corresponds to the graph of a (pseudo Riemannian) metric 〈·, ·〉 on E0.
In particular, we have a vector-bundle isomorphism TE0 ∼= V+. Combining this
with the result of the previous section, a Levi-Civita connection on V∗ is now given
by an ordinary connection on TE0. Let us now take Q given by the Levi-Civita
connection (in the usual sense) on TE0 w.r.t. the metric on E0.
Choose a local frame Ea on TE0 satisfying 〈Ea, Eb〉 = ±δab. We define the frame
Fa on T ∗E0 by Fa := 〈Ea, ·〉 and we denote by Ea, F a the induced fiber coordinates
on E1 ∼= (T ⊕ T ∗)[1]E0. Finally, setting ea := 12 (E
a + F a), eb˙ := 1
2
(Eb − F b), we
have
Ric = Ricη(Ea, Eb)eaeb˙,
where Ricη is the (usual) Ricci tensor on TE0 for the metric connection (w.r.t. 〈·, ·〉)
with torsion given by η. For the proof of this fact we refer the reader to [17]. It
can also be verified by a direct calculation.
4We use subscript (for C∞ and Γ) to denote the degree.
5Every E with vanishing tangential cohomology and a generic generalized metric can be put
into this form [14, 7].
RICCI TENSOR IN GRADED GEOMETRY 5
Appendix. Expression for the Ricci tensor
Using the fact that Q2
E
= 0, we have (for a general Q)
Q2 = (QEψabαe
αξb − ψbcβe
βξcψabαe
α)∂ξa
= (ρiβe
βψabα,ie
αξb + ρiαpiψ
a α
b ξ
b − 1
2
cαβγe
βeγψa αb ξ
b − ψbcβe
βξcψabαe
α)∂ξa
πQ2 = (ρidψ
a
ba˙,ie
dea˙ξb + ρia˙ψ
a
bd,ie
a˙edξb − cαda˙ψ
a α
b e
dea˙ξb + ψbcdψ
a
ba˙e
dea˙ξc
+ ψbca˙ψ
a
bde
a˙edξc)∂ξa
CQ2 = (ρiaψ
a
ba˙,i − ρ
i
a˙ψ
a
ba,i − cαaa˙ψ
a α
b + ψ
c
baψ
a
ca˙ − ψ
c
ba˙ψ
a
ca)e
a˙ξb
Using ψaba˙ = c
a
ba˙ and ψ
a
ba = λb we recover (2).
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